Accurate distance estimates of astrophysical objects such as planetary nebulae (PNe), and nova and supernova remnants, among others, allow us to constrain their physical characteristics, such as size, mass, luminosity, and age. An innovative technique based on the expansion parallax method, the so-called distance mapping technique (DMT), provides distance maps of expanding nebulae as well as an estimation of their distances. The DMT combines the tangential velocity vectors obtained from 3D morpho-kinematic models and the observed proper motion vectors to estimate the distance. We applied the DMT to four PNe (NGC 6702, NGC 6543, NGC 6302, and BD+30 3639) and one nova remnant (GK Persei) and derived new distances in good agreement with previous studies. New simple morpho-kinematic shape models were generated for NGC 6543, NGC 6302, and NGC 6702, whereas for BD+30 3639 and GK Persei published models were used. We demonstrate that the DMT is a useful tool to obtain distance values of PNe, in addition to revealing kinematically peculiar regions within the nebulae. Distances are also derived from the trigonometric Gaia parallaxes. The effect of the non-negligible parallax offset in the second Gaia data release is also discussed.
INTRODUCTION
Planetary nebulae (PNe) represent the final stage in the evolution of low-to intermediate-mass stars and they are important tools for the study of stellar evolution and gas dynamics (Kwok 2007) , as well as tracers of the chemical abundance in nearby galaxies (Magrini et al. 2012; Gonçalves 2019) . PN studies rely on the knowledge of their physical properties such as the formation rate, Galactic distribution, total and ionized nebular masses, sizes, ages, luminosities and evolutionary states of their central stars (CSs), among others (Gurzadyan 1997; Osterbrock & Ferland 2006; Kwok 2007) . The knowledge of such physical properties is strongly dependent on the PN distances, which are still poorly determined. E-mail: stavrosakras@gmail.com † E-mail: denise@astro.ufrj.br Traditional methods to estimate the distance to stars rely on stellar properties that are not easily applicable to PNe.
The methods used to determine PN distances are divided into two main groups, the so-called statistical methods and individual methods. The former use PN samples considering certain assumptions about the nebular structure and properties, while the latter are independent and provide a direct distance calculation to individual PN. The difference between the statistical and the individual distances can be a factor of 2 or even higher (Jiménez 2005) . Frew et al. (2016) presented a new catalogue of statistical distance for 1100 Galactic PNe using an updated version of the Hα surface brightness-radius relation (Frew 2008) as well as a review of the previous statistical and individual methods.
Accurate distance estimates are available only for few nearby PNe for which the trigonometric parallax method can be applied. The situation has changed, especially after the publication of Gaia parallaxes, for a large number of CS PNe (Gaia Collaboration 2018) . These parallaxes will allow us to improve the calibrations of statistical distances. However, better measurements with lower fractional parallax errors are still needed (Stanghellini et al. 2017; Kimeswenger & Barría 2018) .
Among the individual methods (Kwok 2007 ) is the expansion parallax technique, in which the tangential velocity component (V ⊥ in km s −1 ) and the angular expansion rate (or local internal proper motion of the gas, θ in mas yr −1 ) of the nebula are used to calculate the distance (D, in kpc), by assuming a spherically symmetric PN, following (Terzian 1997) ,
In general, PNe display a great diversity of shapes and morphologies as the result of the complex and not yet fully understood radiative and hydrodynamical mass-loss evolution of their progenitors (Balick & Frank 2002) . According to Schönberner et al. (2005) the global structure of spheroidal PNe can be understood in terms of three nebular components that are kinematically and morphologically well distinguishable: the rim, the shell and the halo, all surrounding the CS. Reed et al. (1999) showed that the physical radial expansion velocity of a nebula, obtained spectroscopically, can be converted to tangential velocity by applying a morphokinematic model. This approach is appropriate since several regions in PNe may not meet the requirement for Eq. (1) of having equal radial and tangential expansion velocity due to the lack of spherical symmetry (Li et al. 2002 ). The constructive morpho-kinematic modelling involves only structural (morphological) and velocity (kinematic) information from the nebula, allowing to reconstruct it in a simple and broad way or in a complex and more detailed manner. This is possible due to the availability of high spatial resolution imaging and high-dispersion spectroscopy, fundamental tools to constrain the kinematics and morphology of the nebular models.
Pursuing a distance calculation by means of a morphokinematic analysis of the expanding nebulae, a novel variation of the expansion parallax technique, the distance mapping technique (DMT), was introduced and first applied to BD+30 3639 by Akras & Steffen (2012) . The novelty of the DMT lies in applying Eq. (1) multiple times, in various regions within the nebula, to create a distance map. This allows to better constrain 3D morpho-kinematic models of expanding nebulae and determine the nebular distance, by using observed proper motion vectors and modelled velocity fields. The average distance of the non-zero values derived from the distance map corresponds to the distance of the nebula. The error map and the error of the average distance are derived using the error propagation methodology.
The DMT is a new addition to the set of 3D distance determination techniques. 3D photoionization modelling has also been used to derive the distance of PNe using as constraints a number of observable parameters like geometry, size, extinction map, density map, emission-line fluxes, stellar temperature, and luminosity (Monteiro et al. 2004 (Monteiro et al. , 2005 Schwarz & Monteiro 2006; Monteiro & Falceta-Gonçalves 2011; .
In this paper, we apply a new version of DMT to a num-ber of PNe not only to estimate the distances but also to demonstrate that it serves to get new insights into the kinematics and even the morphology of an expanding nebula. In Section 2, we present some upgrades of the code along with the advantages that this technique has when studying the kinematics of an expanding nebula. The kinematics and morphological properties of the PNe involved in this paper are introduced in Section 3. In Section 4, we present our morphokinematic modelling approach for the objects with available proper motions using the 3D morpho-kinematic code shape (Steffen & López 2006; Steffen et al. 2011) . The results from the DMT application and their comparison with those in the literature are discussed in Section 5. Finally, we present our results and conclusions in Section 6.
THE DISTANCE MAPPING TECHNIQUE
Since the debut of the DMT (Akras & Steffen 2012) , some upgrades have been made and two of them are worth mentioning. The first upgrade deals with the procedure to determine and exclude the outliers in the distance estimation. The outliers are found by means of the Z-score method (Iglewicz & Hoaglin 1993) where a data point is described in terms of its relationship with the median absolute deviation and the median value of the sample. By adding this function more reliable distances are expected. The second upgrade in the DMT is related with the resolution of the distance map. Due to the changes in the distribution of the distance and error with the resolution of the maps, the new version provides those distance and error maps with a resolution for which the intrinsic error of the DMT is minimum. The resultant resolution of the maps is derived by minimizing the ratio between the distance dispersion and the mean value. The most important input parameters in the DMT are the sets of (i) modelled tangential velocity vectors and (ii) observed proper motion vectors. The first set is derived from a morpho-kinematic model of the nebula -the 3D morphokinematic code shape is an example of a software used to create those models. The second set corresponds to the observational proper motions derived from images obtained at two (or more) different epochs (Hajian 2006) . The primary outputs of the DMT are the distance and error maps.
From a perfect match between the modelled tangential velocity field and the observed proper motions, homogeneous distance and error maps are expected. Deviations, however, will arise due to observational errors as well as deviations of the morpho-kinematic model from the actual nebula. In the case that several adjacent cells in the distance map display a similar systematic deviation, they form a region called systematic distance deviation region (SDR). These SDRs likely correspond to localized divergence between the 3D modelled velocity and the observed proper motion fields. The nature of these divergences may be related to additional physical phenomena in the nebula, which are not taken into account in the morpho-kinematic models, or with problematic observations. If all observational reasons for the deviation have been excluded, the SDR may be used as a constraint for model improvements.
The final error of the DMT distance is the combination of three components: (i) the intrinsic error of the technique based on the number of proper motion measurements and tangential velocities in each cell; (ii) the observational error of the proper motions; and finally (iii) the error of the correction factor. Besides the DMT average distance of each source, we also provide (when suitable) the 1σ distance range based on the dispersion of the distance distribution in the map.
The intrinsic error determined for each cell is the statistical error of the mean values of the modelled tangential velocity and the observed proper motion. In general, the former is higher than the latter due to the small number of observed proper motion measurements that lie in each cell in comparison with the large number of modelled tangential velocities. The dominant contributor to the distance error is the observational error of the proper motion measurements. In the absence of observational errors for the proper motions, the distance error represents only the intrinsic uncertainty of the DMT. Ideally, a better error estimation is expected when a set of observed errors for each proper motion measurement is available. Only for GK Persei such a set was available in the literature, while for the remaining objects an average observational error value for the whole set of measured proper motions is given.
Unfortunately, there is no easy way to quantify the fitting quality of a 3D morpho-kinematic model to the observed data; therefore, this is an extra uncertainty in the distance that is not taken into account. Nevertheless, through a simulated grid of simple shape models, we explore how the resultant distances vary relative to a reference value as a function of the number of tangential velocities and proper motions as well as the position and inclination angles of the modelled nebulae. The deviation of the DMT distances relative to the reference value was found to be (i) up to 20% for models with less than 100 proper motion measurements, which though can decrease until 5% for the models with more than 100 proper motions; (ii) up to 5% for the models with a difference in position angle (PA) from the observations less than 15Âž; (iii) 2-3% for the models with inclination angle difference less than 10Âž; and finally (iv) the error of the resultant distances decreases with the resolution of the maps (i.e. number of cells in the map).
Overall, small deviations between the simulated and true nebula yield an intrinsic distance difference from the true distance up to 5-7%. This difference may be even higher if the number of available observed proper motions is small, such as the case of NGC 6720 (see later). Mellema (2004) has shown that the spectroscopically measured Doppler velocity (radial) and angular motions of an expanding PN may not correspond to the same physical component in the nebula. In particular, the former motion refers to the expansion of the ionized gas behind the ionization front (which is called matter velocity), whereas the angular motion corresponds to the expansion of the ionization front itself (which is called pattern velocity). A difference up to 30% between the pattern and matter velocities has been reported, entailing an underestimation of the expansion parallax distance. Schönberner et al. (2005) have also reached the same conclusion using 1D hydrodynamical modelling of PNe. Given that the DMT relies on the expansion parallax technique, the resultant distance must be corrected, by applying a correction factor.
KINEMATIC AND MORPHOLOGICAL DESCRIPTION
The morpho-kinematic study of PNe with high spatial resolution imagery and high-dispersion spectroscopic data allows us to better understand and gain insights into the formation, interaction and evolution of various nebular components (e.g. shell, rim, bipolar outflows, knots, torus, etc.) Next, we give a short description of the morpho-kinematic characteristics of our sample of PNe.
NGC 6543
A morphological description of NGC 6543 or better known as the Cat's Eye Nebula was provided by Reed et al. (1999) with a detailed description of the inner and outer features. An inner elongated bubble (a prolate ellipsoid), called the inner ellipse, is located at the centre of the nebula and it is identified by the hot gas that fills it. Its temperature, derived from X-ray spectral fitting, is of the order of 1, 700, 000 K (Chu et al. 2001) . It displays a non-uniform expanding behavior, with the outermost tips having the lowest velocities. This inner ellipse turns out to be embedded in a larger bipolar structure, a pair of large spherical bubbles that are conjoined, where the binding region of the bubbles forms the waist of the nebula. The waist is observed as a second larger ellipse lying perpendicular to the inner ellipse. A pair of polar caps and polar filaments are also present at the tips of the bubbles, being very bright in low-ionization lines (Gonçalves et al. 2001; ) and molecular hydrogen lines (Akras et al. (2019) , submitted). The conjoined bubbles are older and expand with a lower velocity compared to the inner ellipse (Reed et al. 1999 ).
NGC 6720
The Ring Nebula has a triaxial pole-on shape oriented towards us and it is composed of a thick elliptical equatorial ring (called the main ring), plus a thin and faint polar region (O'Dell et al. 2007 ). The main ring is an elliptical structure of ionization bounded gas with a strong density concentration in its equatorial plane. In addition, it is surrounded by a glow of [O iii] emission and a low-ionization halo. In contrast to the bright nebular emission, several dark knots are seen, pointing towards the CS (O'Dell et al. 2013) .
A homologous expansion has shown an excellent agreement with the measurements of the radial and tangential velocities of [N ii] emission-line features, the dark knots and the ionized gas (O'Dell et al. 2007 (O'Dell et al. , 2013 (O'Dell et al. , 2009 ). In such scenario, ions of higher ionization expand more slowly being such type of motions commonly found in PNe (O'Dell et al. 2007; Akras & Steffen 2012; Akras et al. 2015) .
NGC 6302
The complex morphology of NGC 6302 or the Butterfly Nebula is portrayed with several emission lines in the WFC3 HST image of Szyszka et al. (2011) . Two prominent lobes emerge from the torus in the eastern and western directions. A homologous expansion velocity law has been confirmed in the lobes by Meaburn et al. (2005) using morphokinematic modelling of spatially resolved optical line pro-files plus the proper motion measurements of 15 knots in the north-western lobe. Meaburn et al. (2005) reported outflow velocities ≥ 600 km s −1 for the north-western lobe. A homologous velocity law was also reported by Peretto et al. (2007) in the CO emission close to the expanding torus. The inner nebular region presents evidence of a recent additional acceleration, more pronounced to the southern region probably due to the overpressure after the beginning of the photoionization (Szyszka et al. 2011 ).
BD+30 3639
Bryce & Mellema (1999) established the morphological structure of BD+30 3639 by using spatially resolved, high spectral resolution observations. These authors found that this PN is composed of a main nebular shell of low-ionization emission, almost axially symmetric, prolate and with an open ended shape, together with a closed shell structure of smaller size and of high-ionization emission. Following these authors, the [O iii] expansion velocity (∼ 35.5 km s −1 ) is higher than the [N ii] one (∼ 28 km s −1 ) indicating a non-homologous expansion law for BD+30 3639. Akras & Steffen (2012) argued for the presence of collimated outflows or winds in BD+30 3639. This is supported by the CO bullets with expansion velocities of ∼50 km s −1 along the polar direction (Bachiller et al. 2000) . A decreasing expansion velocity function for internal higher ionization ions and an increasing expansion velocity function for external lowionization ions were found by Sabbadin et al. (2006) . Such velocity law generates a 'V-shaped' velocity profile across the nebula. In this scenario, the expansion velocity is high close to the nebular centre but decreases quickly with the nebular radii and finally increases again to the external regions of the nebula. Gesicki et al. (2003) 
GK Persei
GK Persei, also known as the Firework Nebula is a nova remnant formed by the material ejected during an outburst in a cataclysmic variable star (CV). CVs are short-period interacting binary systems that consist of a white dwarf star (WD) accreting mass from a main-sequence star, which has filled its Roche lobe. Eventually, an outburst eruption on the surface of the WD is generated by thermonuclear runaway of the accretion material (Warner 1995) . Classic novae eject large amounts of mass, around 10 −4 M (Bildsten & Deloye 2004) , at velocities of the order of 500-5000 km s −1 (Bode & Evans 2008) . The CV of GK Persei consists of an evolved late-type star (K2IV) (Crampton et al. 1986 ) together with a magnetic WD (Sabbadin & Bianchini 1983) . The remnant of this mass ejection has a total mass of 7 × 10 −5 M (Pottasch 1959) and an electron temperature greater than 2.5 × 10 4 K (Williams 1981) . The shell of the nebula has been described as clumpy, asymmetric, and boxy (Anupama & Kantharia 2005) , and it is interacting with the environment by suffering a deceleration at the south-west region due to shocks (Seaquist et al. 1989; Bode 2004 ). More recently, by means of morpho-kinematic modelling, its remnant was described as a cylindrical shell with embedded lower velocity polar structures (Harvey et al. 2016) .
SHAPE MORPHO-KINEMATIC MODELLING
Over the past 10-15 yr, the code shape (Steffen & López 2006; Steffen et al. 2011 ) has been used to study the morphological structure and expansion velocity field of several PNe, in 3D, with special focus on high-velocity collimated outflows (Akras & López 2012; Akras & Steffen 2012; Akras et al. 2015) , bipolar nebulae (Clyne et al. 2014 (Clyne et al. , 2015 , complex multipolar geometries (Clark et al. 2010 Chong et al. 2012; Hsia et al. 2014; Gómez-Muñoz et al. 2015; Rubio et al. 2015; Sabin et al. 2017) , or high-velocity knots (Vaytet et al. 2009; Derlopa et al. 2019 ). Next, we discuss in details the morpho-kinematic shape model of each PN studied here.
NGC 6543
shape was used to reconstruct the 3D structure of NGC 6543 based on the structure's description of Reed et al. (1999) and position-velocity (PV) diagrams obtained from the San Pedro Martir catalogue of Galactic PNe , by using only the slits 'a'and 'b'of the [N ii] and [O iii] emission lines. A simple geometrical approach was assumed for the 3D structure of this nebula. The two conjoined bubbles were modelled assuming a bipolar structure, whose lobes are simulated as spherical shells with a constant density (Fig. 1 For the expansion velocity field,1 we considered a single homologous velocity law, with V = 22 * (r \ r o ) km s −1 , where r is the distance from the CS and r o is the reference radius of the shell. The synthetic PV diagrams generated by our model (red) are overlaid to the observed ones (right panels, Fig. 1 ) displaying an acceptable agreement with the observed PV diagrams, despite the simplicity of the model.
NGC 6720
Three scenarios have been proposed in order to explain the 3D structure of this nebula: (i) a prolate ellipsoid with open ends along the major axis, which resembles a barrel structure (Guerrero et al. 1997; Hiriart 2004; O'Dell et al. 2007 ); (ii) a bipolar nebula nearly pole-on (Bryce et al. 1994; Kwok et al. 2008) ; and finally (iii) a combination of the two aforementioned models in which the PN has an open-end barrelshaped central region that is viewed along its axis (Sahai et al. 2012) .
Our morpho-kinematic model of NGC 6720 follows a much simpler approach. Some features are taken from models (i) and (iii) resulting in a prolate ellipsoid shell seen poleon (Fig. 2 , left-hand panel), primarily modelling the main ring. A single homologous velocity law V = 37(r/r 0 ) km s −1 was selected for the model based on the observational PV diagrams. The shape modelled PV diagrams are presented in the right-hand panel of Fig. 2 , for three different slit positions, superimposed upon the observed PV diagrams obtained from SMP catalogue . Some small deviations between the modelled and observed PVs can be observed, which are attributed to the protrusion of the real structure of the nebula compared to our ellipsoidal model, as can been seen in the left-hand panel of Fig. 2 .
NGC 6302
The first attempt to model the 3D structure of NGC 6302 was carried out by Meaburn et al. (2005) assuming a homologous velocity law and rotationally symmetric lobes along with two deformed spheroidal surfaces that aimed at modelling the knotty structures. Although this model successfully reproduced the observed [N ii] PV diagrams of NGC 6302, the current shape version (v. 5.0) is not compatible with the models developed using older versions. For this reason, we had to construct a new shape model of NGC 6302. We decided to model again the eastern lobe of the nebula considering an extended 3D conical shell (Fig. 3 , left-hand panel), because the proper motion velocity field is available only for this lobe (Szyszka et al. 2011) . Our 3D morpho-kinematic model presents a single velocity law, V = 28(r/r 0 ) km s −1 and approximately reproduces the [N ii] PV diagrams of Meaburn et al. (2005) for slits 'a' and 'b' (Fig. 3, right-hand panel) . The synthetic PV diagrams adequately reproduced the main features, although without taking into account the clumps and voids, which is not necessary for the DMT. 
DMT APPLICATION
With the 3D morpho-kinematic shape models constructed, the tangential velocity field for each PN is obtained. The observed proper motion measurements and the tangential velocities are used as input to the DMT to derive the distance maps for each nebula. In the following sections, we discuss the DMT results and the comparison with the distances available in the literature.
At this point, it has to be mentioned that four objects in our sample have available Gaia parallaxes in the second data release (Gaia Collaboration 2018). Besides their DMT distances, we also derived new distances from the inverse of their Gaia parallaxes which is feasible because of the low fractional errors (<20 per cent, as recommended by Gaia Collaboration 2018; Luri et al. 2018 ). However, parallaxes in the Gaia DR2 suffer from some systematic errors. There is no simple way to quantify these errors, which depend on the position of the sources in the sky, their magnitudes, and their colours, but they are of the order of 0.1 mas. For this work, we make use only of the uncertainties provided in the Gaia DR2, as recommended by Luri et al. (2018) . This means that the errors of the distances derived from the Gaia parallaxes provided in Tables 1-5 are likely larger, as also pointed out by Kimeswenger & Barría (2018) .
Although Gaia should provide absolute parallaxes, a non-negligible shift in parallaxes has been reported in the DR2, which has to be taken into consideration. As reported by the Gaia team, this parallax offset is in the range from 10 to 100 mas, depending on the magnitude, colour, and position of the sources in the sky (Arenou et al. 2018; Lindegren et al. 2018) . Several independent studies have been carried out to trace and determine this parallax zero point using different types of sources. For instance, Lindegren et al. (2018) determined a parallax zero point of 0.029 mas using a sample of quasars (Lindegren et al. 2018 ). Riess et al. (2018) and Groenewegen (2018) reported independently parallax zero-points of 0.046±0.011 and 0.048±0.018 mas, respectively, from samples of Cepheids. By the study of a sample of RR-Lyrae, the parallax zero point was found to be 0.057±0.0034 mas Muraveva et al. (2018) It is therefore undoubtable that there is a non-zero parallax offset in the Gaia DR2 between 0.2 and 0.8 mas. There is a significant difference in the parallax zero-points derived from fainter and bluer quasars (0.029 mas, Lindegren et al. (2018) ) and from brighter and redder sources like Cepheids (0.046 mas, Riess et al. (2018) ; 0.048 mas, Groenewegen (2018)), RR Lyrae (0.057 mas, Muraveva et al. (2018) ), or red giants and red clump stars (0.0528 mas, Zinn et al. (2019) ; 0.0517 mas, Khan et al. (2019) ; and 0.03838 mas, Hall et al. (2019) ).
Even though PN CSs are bluer sources and the zero point derived from quasars might be better suited, the CSs of PNe are significantly brighter (G≤12) than quasars. Because of the unique characteristics of PN CSs (magnitudes/colours), an independent work is necessary to properly determine the parallax zero point in the Gaia DR2 for hot and bright stars.
For this work, we have adopted the zero point derived from quasars (0.029 mas, zero point correction A) and the weighted average (0.051 with standard deviation of 0.025, zero point correction B) calculated from all the aforementioned works.
NGC 6543
For this PN, 107 proper motion measurements in the [O iii] emission line with an observational error of 20% for each proper motion (Reed et al. 1999 ) and the modelled velocity field obtained in Section 4.1 were used. The resultant distance map displays dispersed and aggregated deviations from the mean distance (Fig. 4, top panel) . Two systematic distance deviation regions or SDRs, labeled as A and B, are identified (Fig. 4, bottom panel) . The discrepancy between V ⊥ (the tangential modelled velocity component from a homogeneous field) and θ (observed velocity component) results in the distance deviations. In the case that the distance of an SDR is above the mean distance of the nebula, then the measured proper motions are lower than the expected values from the modelled tangential velocity vectors. On the contrary, for an SDR distance below the mean value, the measured proper motions are higher than the modelled tangential velocity vectors. We find that both SDRs A and B are in the regions where the inner ellipse and the bipolar waist are crossed. It is likely that the measured proper motions in these regions are associated with both the bubbles and the inner ellipse. Hence, the modelled velocity field (only the bubbles are modelled) diverges from the associated proper motions in these regions. Extreme low and high values of the distance map are excluded from the estimation of the mean value, as outliers, to ensure that deviations coming from the simplicity of our model will not have significant impact on our final estimation of the distance.
For this work, the correction factor of 1.56 ± 0.15 (Mellema 2004; Schönberner et al. 2005 ) is adopted. This yields a distance to NGC 6543 of 1.19 ± 0.15 kpc (see Section 2). It is found to be very close to the value derived from Frew et al. (2016) , but it does not agree with the more recent values of 1.86 and 1.612 kpc reported by Schönberner et al. (2018) and Schönberner & Steffen (2019) . Besides the mean DMT distance value, we also yield the most probable 1σ distance range between 0.9 and 1.48 kpc, using the dispersion of the distance map (σ D = 0.29 kpc). This distance range encloses 10 out of the 20 distances from the literature.
NGC 6543 has also available parallax measurement in the Gaia DR2, with low fractional error. Its distance is estimated, from the inverse parallax, to be equal to 1.625 kpc. This trigonometric distance value is very close to the distances reported by Mellema (2004) , Reed et al. (1999) , and Schönberner & Steffen (2019) , but substantially different from our DMT distance of 1.19 kpc or the one reported by Frew et al. (2016) of 1.15 kpc or by Schönberner & Steffen (2019) of 1.86 kpc. If we take into account the reported non-zero parallax offsets in the Gaia DR2 (see Section 2), the new corrected Gaia distances become smaller than and equal to 1.501 and 1.552 kpc, depending on the parallax offset.
The distance of 1.86 kpc reported by Schönberner et al. (2018) is the highest among all the distance estimations over the last 20 yr (see Table 1 ) and obtained from the aver-age of the [N ii] and [O iii] emission lines, 1.98±0.20 and 1.73±0.18 kpc 1 , respectively. The former is found to be very high and inconsistent with the previously published values, while the latter agrees within its uncertainties. For these distance estimations, the corrected factor, F, was equal to 1.4 and 1.6 for the two emission lines, while for the new distance equal to 1.612 kpc reported by Schönberner & Steffen (2019) , the correction factor is 1.3.
It should be noted that the complexity of NGC 6543 (see section 3.1) does not allow to describe it by 1D hydrodynamic models and obtain reliable correction factors (e.g. Schönberner et al. 2018) . Moreover, from the upper panel of Fig. 4 , one can see that the individual distance estimations for NGC 6543 can vary significantly from 0.5 up to 1.5 kpc. This signifies that the expansion velocity of the gas is so complicated that the calculation of the pattern and matter velocities from one region in the nebula may not be adequate and result in incorrect distance, despite the high quality of the observations.
Based on this analysis, it is evident how difficult it is to obtain reliable distances to PNe, given the uncertainty of the parameters involved in these estimations. Taking into account all the distance estimations available for NGC 6543 (Table 1) , we argue that the probable value should be within the 1.3 and 1.6 kpc range.
NGC 6720
For this PN, there are only 22 [N ii] proper motion measurements with an observational error of 40% (O'Dell et al. 2009 ). Due to the low number of proper motions, the distance map (Fig. 5, top panel) is not morphologically relevant. Hence, kinematic analysis of the distance map in terms of SDR is not possible. The DMT mean distance of NGC 6720 is calculated to be 826 pc. This value must be corrected due to the systematic error of the expansion parallax technique (Mellema 2004; Schönberner et al. 2005) . The correction factor for NGC 6720, F = 1.3 ± 0.26, was derived from Figure 11 in Schönberner et al. (2005) and the surface temperature of its CS. The final distance estimation is 1.07 ± 0.3 kpc. We find that the DMT distance is in agreement with 9 out of 17 values listed in Table 2 (see Fig. 9 ). We do not provide the 1σ distance range for this nebula because the final distance error is larger than σ D . Our value is higher than the distances obtained by Harris et al. (2007) and O 'Dell et al. (2009 'Dell et al. ( , 2013 , but it agrees within its uncertainties with the value reported by Frew (2008) and Frew et al. (2016) .
Gaia distances (corrected or non-corrected for the parallax offset) are found to be lower than our value, being consistent with the values reported by O'Dell et al. (2009, 2013) and slightly out of our 1σ distance range. Nevertheless, our distance value and those from O'Dell et al. (2009, 2013) are also in agreement, if the high uncertainties of these estimations are taken into account. From Fig. 5 , one can see that there are a few pink cells that correspond to a distance between 0.6 and 0.8 kpc as well as dark pink cells with distances between 1 and 1.4 kpc. A mean distance value of Most probable distance range -DMT a This distance value is not corrected for the difference between the matter and pattern velocities (correction factor, F ). If F is applied, the distance will be 1.56 kpc. b This value is obtained from the catalogue of geometrical distances following a statistical approach. The lower and upper bounds are 1.382 and 1.727 kpc, respectively, on the confidence interval of the estimated distance. c This value is derived from the inverse Gaia parallax of 0.6152 ± 0.0709 mas. The fractional error is as low as 0.12 allowing us to derive a reliable distance using the inverse parallax. d This value is derived taking into account a parallax zero point of 0.029 mas in the Gaia parallaxes using a sample of quasars (Lindegren et al. 2018 ). e This value is derived taking into account a weighted average parallax zero point of 0.051 mas in the Gaia parallaxes (see text).
0.826 kpc is obtained before applying the correction factor. Apparently, the small number of proper motion measurements (22, O'Dell et al. (2009)) does not allow us to better constrain the distance of this nebula for which a discrepancy of up to 20 percent from the real value is possible (see Section 2).
NGC 6302
For the Butterfly Nebula there are 200 proper motion measurements available, in the [N ii] emission line, with an observational error of 5 mas yr −1 (Szyszka et al. 2011) . Then, these proper motions are combined with our modelled tangential velocity field discussed in Section 4.3 to get the distance map of NGC 6302 (Fig. 6) . Besides the good number of proper motions available, the morphology of the eastern lobe is not represented very well by the DMT maps. This is the consequence of the partial coverage of the eastern lobe of the PV used to create the shape model (see left-hand panel of Fig. 3) . No apparent SDRs are identified for this nebula, only scattered cells with values above the mean distance. Perhaps a second component could explain the more extended outflow in the eastern direction, but the PV diagrams do not provide enough information to constrain this additional component. The distance calculated by the DMT after the application of the correction factor (F = 1.3 ± 0.26, derived from the CS's surface temperature relationship; see Figure 11 in Schönberner et al. (2005) ) is 1.03 ± 0.27 kpc. Similar to NGC 6720, the 1σ distance range for NGC 6302 is not provided. Despite the few constrains in the morpho-kinematic model of NGC 6302, the distance estimation provided by the DMT is in agreement with 7 out of 12 distance estimations listed in Table 3 . Unfortunately, no Gaia distances are available for NGC 6302. Moreover, the recent distance from Frew et al. (2016) is found to be almost one-third smaller than our estimation. A possible explanation for this high discrepancy is the uncertain estimation of the angular size, because of its complex bipolar morphology as well as the uncertain calculation of the integrated Hα flux due to the contribution of the strong [N ii] emission line (Rauber et al. 2014) , which is also pointed out by Frew et al. (2016) . 
BD+30 3639
Although the DMT has been previously applied to BD+30 3639 by Akras & Steffen (2012) , we decided to apply the new version of the DMT for two reasons: (i) to compare the results between the old and new versions and (ii) to compare the results obtained from the morpho-kinematical model proposed by Akras & Steffen (2012) and Freeman & Kastner (2016) . The latter model is more sophisticated because it uses data from radio, infra red, optical, X-rays, and even from molecular features such as the H 2 torus and the CO bullets. For this nebula, the 178 [N ii] proper motion measurements from Li et al. (2002) , with 10 percent of error, and the modelled tangential vectors from the same line of Akras & Steffen (2012) and Freeman & Kastner (2016) models are considered. There are noteworthy differences in the structure and the velocity fields between the two shape models. Akras & Steffen (2012) Fig. 7) . Kinematically, the velocity field implemented by Akras & Steffen (2012) is constructed with one homologous law for each shell ([N ii] and [O iii]) plus a cylindrical velocity component that is attributed to the high-velocity outflows. On the other hand, Freeman & Kastner (2016) considered only one homologous law for both shells.
Despite the differences between the two models, both authors reached to a fit of the observed data and independently explain the high-velocity [O iii] line, commonly associated with the bipolar outflows. The similar resultant distance values obtained with the DMT point to similar radial velocities between the two modelling approaches.
The resultant distance and error maps for M1 and M2 are presented in Fig. 7 . The latter map is more homogeneous with smaller uncertainties. The different geometrical and kinematical approach of each one is the reason for the differences between the model distance maps. Akras & Steffen (2012) identified two SDRs in their distance map (called A and B). The distances in SDR A are systematically smaller than the average distance value of the nebula, while those of SDR B are systematically larger. A possible systematic error was addressed for SDR A, because of the higher angular expansion measured in the [N ii] line compared to the Hα line. Therefore, the overestimation of the angular expansion velocities leads to an underestimation of distance. In the same way, a systematic error was also considered to be a possible explanation for SDR B, where the angular velocities are lower and the distances are overestimated. A comparison of the location of SDRs A and B with the [N ii] image of BD+30 3639 does not indicate any relevant morphological features, that could explain the presence of the SDRs.
We compare the location of SDRs A and B proposed by Akras & Steffen (2012) with our distance maps derived from the M1 and M2 models to examine for possible similarities. SDR A is present in the distance maps of both M1 and M2 models derived from the updated DTM. It encloses several cells with distances below the mean value as in the original work of Akras & Steffen (2012) . SDR B is not noticeable in M1 and M2 maps. Additionally, another SDR is also identified in both distance maps M1 and M2, namely SDR C, which also exhibits values below the mean distance. The underestimation of the distances in SDR C is likely due to the overestimation of the angular expansion velocity in that region, similar to SDR A in Akras & Steffen (2012) . Overall, this analysis indicates that none of the two models reproduces very well the structure and velocity field of BD+30 3639. Nevertheless, both models give distances consistent with the previous studies.
The DMT distances of BD+30 3639 are 1.35±0.22 kpc for the M1 model and 1.32±0.21 kpc for the M2 model, after applying the correction factor F = 1.3 ± 0.2 (Mellema 2004; Schönberner et al. 2005) . Both distances agree with 6 out of 18 estimations listed in Table 4 . Only one of them is from a statistical method (Cahn & Kaler 1971) , while for the remaining five estimations, the expansion parallax method was applied. The 1σ distance range is from 0.86 to 1.84 kpc for the M1 model and from 0.97 to 1.67 kpc for the M2 model. Both distance ranges were calculated from the dispersion of their distance maps (σ M1 = 0.49 and σ M2 = 0.35 kpc). Overall, the 1σ distance range from each model encloses 12 and 9 out of the 21 available distances in the literature, respectively (see Fig. 9 ).
Regardless of the structural and kinematic differences between the two models (M1 and M2), the distance estimations show a negligible difference. At a first glance, this seems to be an unexpected result, given that the two models are quite different. However, BD+30 3639 is viewed almost pole-on with an inclination angle of 20 • relative to the line of sight (Akras & Steffen 2012) . This implies that the more prolate ellipsoidal model of Freeman & Kastner (2016) does not have a significant impact on the estimation of its distance as long as the velocity field of the nebula (observed PV diagrams) is well reproduced (see Fig. 8 in Freeman & Kastner (2016) ). The small differences observed in the PV diagrams from the two models have resulted in a lower dispersion for the M2 model compared to M1, but the final mean distance is in principle unaffected. Therefore, it is not possible from this analysis to decide which model better describes the structure of BD+30 3639. Surprisingly, the Hα surface brightness-radius relation presented by Frew et al. (2016) gives a distance of 2.22 kpc, which does not agree with any of the distances published over the last 15 yr. In general, BD+30 3639 is a peculiar nebula with a Wolf-Rayet-type CS and high mass-loss rate. This is very likely responsible for the discrepancy between the DMT distances and the one derived by Frew et al. (2016) . Because of its peculiar CS, it is not easy to predict its evolution and obtain a precise value of the correction factor (Schönberner et al. 2005) . This may be the reason for our lower value compared to the distances obtained from the recent Gaia parallaxes (Gaia Collaboration 2018). In particular, the Gaia parallax of the CS of BD+30 3639 yields a distance of 1.706 kpc, significantly higher than our DMT values. If the non-zero parallax offsets are taken into account, the corrected Gaia distances become smaller and they better agree with our estimations (Table 4 ). B, and C overlaid (top-right) . In this work, we only consider SDR A and C regions, in red color. BD+30 3639 model of Akras & Steffen (2012) in [N ii] (black) and Freeman & Kastner (2016) 
GK Persei
The knotty structure of the nova remnant of GK Persei was modelled by Harvey et al. (2016) with a morphokinematic approach using shape. The model was based on high-resolution spectroscopic observations and imaging along with optical archival data from several epochs and facilities. 115 knots were modelled as individual 3D cylinders whose specific expansion velocities, distance from the CS, PA, and inclination are associated with the measured proper motions of Liimets et al. (2012) . Harvey et al. (2016) also modelled the overall shape of the knot distribution, not as a distorted spherical shell as Liimets et al. (2012) considered, but as a cylindrical shell with its symmetry axis being related to the inclination of the central binary system. Additional bipolar features were included, to account for the knots that are not enclosed by the barrel structure. The best fit of the data indicates that the shell can be better described by a cylindrical shape, and not a spherical one (Harvey et al. 2016) .
To apply the DMT to the remnant of GK Persei, the 3D knotty model from Harvey et al. (2016) and the 117 proper motions measured by Liimets et al. (2012) in [N ii] were used. In addition, observational errors for the proper motions are available, and they are taken into account in the distance determination. The axisymmetric distribution of these knots is represented in the central panel of Fig. 8 overlaid on the Hα-[N ii] image of GK Persei, which displays the measured proper motions with crosses.
The distance and error maps for GK Persei are presented in Fig. 8 , both displaying faithfully the distribution of the knots. The error map is not homogeneous and displays higher errors towards the centre of the remnant. No SDRs are identified in GK Persei.
The resulting DMT distance for GK Persei is 398±23 pc. Note that the correction factor (F ) has been studied only for PNe and for this reason it is not applicable to GK Persei. In addition to the mean distance value, we also provide the 1σ distance range for GK Persei (203-592 pc). Our final distance for GK Persei agrees with 5 out of the 11 distances listed in Table 5 , while our 1σ range encloses 11 of these 12 estimations (see Fig. 9 ). Our distance is consistent with the previous expansion parallax distances of Slavin et al. (1995) and Downes & Duerbeck (2000) , for which no correction was applied either. Moreover, the upper limit of our distance estimation is found to be only 31 pc lower than the lower limit of the trigonometric distance of Harrison et al. (2013) and 36 pc lower than the distances derived from the Gaia parallaxes after the zero point corrections. This difference in the distance is attributed to the lack of correction factor for nova remnants, whose value in this case should be around Most probable distance range -M1 -DMT 0.97 -1.67
Most probable distance range -M2 -DMT a These two DMT distance estimations correspond to different offsets between the geometrical centre of the nebula and the velocity field of the gas (0.25 arcsec and 0.5 arcsec, respectively). b This value is obtained from the catalogue of geometrical distances and it is characterized by a lower bound of 1.486 kpc and an upper bound of 1.849 kpc on the asymmetric confidence interval of the estimated distance. c This value is derived from the inverse Gaia parallax of 0.5863 ± 0.0633 mas. The fractional error is as low as 0.11 allowing us to derive a reliable distance using the inverse parallax. d This value is derived taking into account a parallax zero point of 0.029 mas in the Gaia parallaxes using a sample of quasars (Lindegren et al. 2018 ). e This value is derived taking into account a weighted average parallax zero point of 0.051 mas in the Gaia parallaxes (see text).
1.08 for a good match between our distance and those from the Gaia parallaxes (Gaia Collaboration 2018).
DISCUSSION AND CONCLUSIONS
In this work, we demonstrated that the distance mapping technique (DMT) is a constructive generalization of the expansion parallax method. By applying this method to PNe with several proper motion measurements available, we were able to get several distance estimations through the nebula and finally obtain a mean distance value. The first application of the DMT by Akras & Steffen (2012) and the nebular distance obtained in that work show the potential of DM. It can be used for getting reliable distances for expanding nebulae (PNe or even novae) if there are velocity fields available from 3D morpho-kinematic models and data sets of angular expansion velocities (proper motions). We applied the DMT to four PNe (NGC 6702, NGC 6543, NGC 6302 and BD+30 3639) and one nova remnant (GK Persei) and new distances were obtained for all these sources. The comparison of our DMT distances with the values from the literature shows a good agreement, as shown in Fig. 9 , the plot that summarizes the content of the distance tables. By using the shape code, we carried out our own morpho-kinematic modelling for NGC 6543, NGC 6302, and NGC 6720. For all PNe, we consider the simplest possible structures for the purpose of this work, without specifically modelling features such as knots, jets, filaments, and structures that are generally enhanced in the low-ionization emission lines or rich in molecular gas (see Gonçalves et al. (2001) ; ; Akras et al. (2017) .
NGC 6543 was modelled as a bipolar structure with a homologous expansion, where the lobes are spherical shells of constant density. With the modelled velocity field and more than 100 proper motions, a distance of 1.19 ± 0.15 kpc was derived using the DMT. The 1σ distance range enclosing 50% of the distances was previously published. Along with this, new trigonometric Gaia distances was derived in this work.
Two SDRs with distances below the mean value were identified in the distance maps of NGC 6543. These SDRs are likely results of the expansion of two different nebular components (the inner ellipse and the conjoined bubbles) leading to higher proper motions and thus lower distances. The PN NGC 6543 is the perfect nebula for a future detailed morpho-kinematic study and DMT application using the hundreds of Gaia proper motions determined from its expanding gas. These proper motions, however, were not included in the Gaia DR2 and we have to wait for the future data releases.
The model of NGC 6720 was constructed considering an elliptical prolate shell viewed pole-on. Only 22 proper motion measurements were available for this nebula. We obtained a distance of 1.07 ± 0.3 kpc. Its 1σ distance range encloses 50% of literature values.
A portion of the eastern lobe of the bipolar PN NGC 6302 was modelled as a conical shell. Using the modelled velocity field from our morpho-kinematic model and 200 proper motions, the resultant DMT distance was found to be equal to 1.03 ± 0.27 kpc. 58% of the previous distances agree with our value and its uncertainty.
Two morpho-kinematic models, M1 (Akras & Steffen 2012) and M2 (Freeman & Kastner 2016) , with different geometrical and kinematical approaches, were used for BD+30 3639, plus more than 100 proper motions yielding distances of 1.35 ± 0.22 kpc for M1 and 1.32 ± 0.21 kpc for M2. Both distances are in good agreement with the values in the literature. The 1σ distance range of the M1 and M2 models encloses 60% of the previous distance estimations.
The performance of the new version of the DMT presented in this work has been benchmarked by comparing it with its first version via BD+30 3639. We concluded that M2 may provide a better distance representation of the nebula due to its lower dispersion and therefore a better constrained distance. The mean distances are, however, very similar. A multicomponent shape model for the nova remnant GK Persei was used in the DMT along with more than 100 proper motion measurements. A distance of 398 ± 23 pc was derived together with the 1σ range of 203-592 pc, both in good agreement with the previously published values, enclosing 92% of the values. The wide range of distances indicates that the application of the expansion parallax method, by using only one or a few proper motion measurements in a specific region of the nebula, may not provide an accurate distance.
Four of the objects studied in this work have available
Gaia parallaxes in the DR2. The small fractional error of these parallaxes (<12 percent) allowed us to obtain their distances from the inverse of their parallax measurements. It was found that the Gaia distances are higher than our DMT distances, except for NGC 6720. Nevertheless, taking into account the parallax offset in the DR2, the corrected distances become more consistent with our results. It should also be noted that the distances obtained from the Bayesian approach (Bailer-Jones et al. 2018), using the non-corrected raw parallax measurements, were found to agree better with the distances obtained for the inverse of the corrected parallaxes than with the non-corrected ones. Until a proper study on PNe determines the parallax offset for these objects, we recommend the use of the distances from the Bayesian approach.
A comparison between the distances derived by Schönberner & Steffen (2019) and the trigonometric Gaia distances shows a difference between 0.04 and 0.08 percent, which is comparable with the difference found between the corrected and non-corrected for parallax zero point Gaia distances derived in this work.
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